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, $C^{\infty}$ . $M$ $n$
, $f$ : $Marrow$ $c\infty$ . $1\leq P\leq n$






. $f$ : $Marrow$ $C^{\infty}$
, $n=\dim M>p\geq 1$ , $M$ .
1.2 $f$ , , ,
$(x_{1}, x_{2}, \ldots, x_{n})$ $arrow(x_{1}, x_{2_{7}}\ldots, x_{p-1}, x_{p}^{2}+x_{p+1}^{2}+\cdots+x_{n}^{2})$
$f$ , $f$ $sp\triangleright$
cial generic map ( SGM ) ( $[1, 10]$
).
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$f$ : $S^{n}arrow \mathbb{R}$, $f(x_{1}, x_{2}, \ldots, x_{n+1})=x_{n+1}$











1.3 $m$ $F$ , 2 $m$ $D^{m}$
, $F\cong D^{m}U_{\theta}D^{m}$
, $F$ almost sphere ( 2 ).
almost sphere ,
. 7 , almost sphere
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2: $m$ almost sphere
. 6 , almost sphere
. ( , almost
sphere .)
, almost sphere
Morse $f$ : $Marrow \mathbb{R}$ . , almost
sphere fiber Morse . $Morse$
(Morse
$[7, 8]$ ).
1.4 $C^{\infty}$ $f:Marrow \mathbb{R}$ ,
$f$ Morse . (
.)
, Morse , $f$ ,
2 .
2




2.1 $M$ almost sphere fiber Morse
, $M$ , 3 Morse $g:Marrow \mathbb{R}$
.
. $g$ . $g$ ,
$a,$
$b$ , ( ) $c$ . $a<$
$c<b$ . Morse ( [8] ) ,
$t\in(a, c)\cup(c, b)$ $g^{-1}(t)$ $n-1$
. $g$ almost sphere fiber
.
almost sphere fiber Morse $f$ : $Marrow \mathbb{R}$
. Morse ( [12]
) :
$M=(h_{1}^{0}\cup\cdots\cup h_{r_{0}}^{0})\cup(h_{1}^{i_{1}}\cup\cdots\cup h_{r_{1}}^{i,}1)U\cdots U(h_{1}^{n}\cup\cdots U\hslash_{\Gamma\ell}^{n})$ .
$h_{*}^{i}$ $n$ $i$ ,
$f$ . ( $r_{0}$ $0$
$f$ , $r\ell$ $n$ $f$ .
$\ell\geq 1$ .) ( )
, 1 $\ell-1$
$0$ $n$ . ( , $0$ ,
$n$ .)
$0$ $k$ ( $0\leq k\leq$
: $M_{0}\subset M_{1}\subset\cdots\subset M_{\ell}=M$.
$f$ almost spheres , $\partial M_{k}$
$n-1$ almost spheres . , M
$n-1$ , $n-1$
. , $\partial M_{k}(0\leq k\leq P-1)$




. , $0$ , 1 $n-1$
, $n$
$M$ . $M$ Morse
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3: $\partial D^{n}$ 2




2.2 $r,$ $n$ $1\leq r\leq n/2$ . $n$
$D^{n}$ $\partial D^{n}=S^{n-1}$ $n-r-1$ ,
$S_{2}$ . ( , $S^{n-1}$
isotopic .) ,
$\triangle$ ( $(n-1)-$ ($n-r-1\rangle=r$ ) $\partial\Delta$
$S_{1}$ ( 3 ).
$D^{n}$ , $S_{1}$ $r$ , $S_{2}$ $n-r$
, $n$ $W$ .
$\partial W$ $n-1$ almost sphere , $W$ elementary
handlebody .
$r=n/2$ , $D^{n}$ , r.
, $n$ $W’$ . $\partial M^{;^{r}}$ ’




2.3 $n$ $M$ almost sphere fiber Morse
$f$ : $Marrow \mathbb{R}$ , $M\backslash IntD^{n}$ , elementary
handlebodies ($n\equiv 0(mod 4)$ , elementary handlebod-









$S^{3}$ , $(\#^{k}S^{1}\cross S^{2})\#(\#^{\ell}S^{1}xS^{2})\sim$.
( , $S^{1}\cross-S^{2}$ $S^{1}$ non-orientable $S^{2}$ ,
$k\geq 0,$ $l\geq 0,$ $k+l\geq 1$ .)
(ii) $n=4:M_{1}\# M_{2}$ . , $M_{1}$
$S^{4}$ $(\#^{k}S^{1}\cross S^{3})\#(\#^{\ell}S^{1}\cross S^{3})\sim$ ,
$\Lambda f_{2}$ $1$ $0$ , 2 , 1 4
, 4 . (
, $S^{1}\overline{\cross}S^{3}$ $S^{1}$ non-orientable $S^{3}$ , $k\geq 0_{d}$.
$\ell\geq 0,$ $k+f\geq 1$ .)
(iii) $n=5$ : $S^{5}$ ,
$S^{1}\cross S^{4},$ $S^{1}\overline{\cross}S^{4},$ $S^{2}\cross S^{3},$ $S^{2}\overline{\cross}S^{3}$
. ( , $S^{1}\overline{\cross}S^{4}$ $S^{q}$ non-orientable
$S^{4}$ , $S^{2}\overline{\cross}S^{3}$ $S^{2}$ $S^{\theta}$
.)
2.5 $Af$ $n$ $(n\geq 3)$ , $f$ : $Marrow \mathbb{R}$ almost
sphere fiber Morse , .
(i) $M$ .
(ii) $M\backslash$ { $1$ } .
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3 $\cdot$ Special generic map
almost sphere fiber Morse SGM
. , , SGM
([10] )
.




$n$ almost sphere , $\Sigma_{*}^{n-1}$ $n-1$ almost sphere ,
$S^{1}-\cross\Sigma_{j}^{n-1}$ $S^{1}$ non-orientable $\Sigma_{j}^{n-1}$ .
. , , Cerf [2] pseudo isotopy
theorem SGM .
([10] ).
, $n$ $M$ SGM $g$ : $Marrow \mathbb{R}^{2}$
. , $\pi$ : $\mathbb{R}^{2}arrow \mathbb{R}$ $\sqrt[\backslash ]{}$ ,
$f$ : $M \frac{9(}{r}\mathbb{R}^{2}arrow^{\pi}\mathbb{R}$
Morse ( $[4|$ ). $f$
$y$ , $f^{-1}(y)=g^{-1}(\pi^{-1}(y))$ , $\ell=\pi^{-1}(y)$
, $g$ . $g^{-1}(p\rangle$
$n-1$ , $g$ SGM ,
$g|_{g}-1(\ell)$ : $g^{-1}(p)arrow p$
Morse $0$ $n-1$ .
, $g^{-1}(\ell)$ almost sphere . . $f$
almost sphere fiber Morse .
, $f$ , $0,1,$ $n-1,$ $n$










4.1 $M$ 3 . ,
Morse $f$ : $Marrow \mathbb{R}$ ,
, $M$
.
$S^{3},$ $S^{1}\cross S^{2},$ $L(p, q)$ .
$L(p, q)(p\geq 2)$ $(p, q)$ .
, 3 . [11] .
4.1 , 3 Morse , 3





5.1 $M$ $n$ .
(1) $M$ Morse $\mu(M)$ .
(2) $Af$ Crit $(M)$ .





(1) $X$ $U$ categorical , $Uarrow X$
null homotopic .
(2) $X$ categorical 1
cat(X) , $X$ Lusternik-Schnirelmann category [6].
( , cat $(X)=\infty$ .)
(3)1 , $i$ ( )
$X$
C1(X) , $X$ cone length .
(4) 1 ,
$X$
Cls(X) , $X$ spherical cone length .
cat(X), C1(X), $C1_{S}(X)$ $X$
( [3, 5] ).
, $S^{n}$ 2 Morse






5.3 $n$ $M(n\geq 1)$ , .
$2 \leq cat(M)+1\leq C1(M)+1\leq\min\{C1_{S}(M)+1, Crit(M)\}$
$\leq\max\{C1_{S}(M)+1, Crit(M)\}\leq\mu(M)\leq n+1$ .
\S 2 , .
5.4 $n$ $M(n\geq 1)$ , .
(1) $\mu(M)=2$ , $M$ almost sphere
.
(2) $\mu(M)\leq 3$ , $M$ aImost sphere fiber Morse
.
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, $k\geq 2$ , $\mu(M)\leq k+1$ ,
Morse $f$ : $Marrow \mathbb{R}$ , $y\in f(M)$ $\mu$ ( $f^{-1}$ ( )) $\leq k$
.
$k=2$ .
5.5 $f$ : $Marrow \mathbb{R}$ $M$ Morse . [9, Theo-
rem 1.1] , $y\in f(M)$
$\mu(f^{-1}(y))\leq k$ , cat $(M)\leq 2k+1$ .
, 5.3 , Crit $(M)$ $C1_{S}(M)+1$ ,
.
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